We investigate the interactions among the pion, the vector mesons and the external gauge fields in the holographic dual of massless QCD proposed in our previous paper [1] on the basis of probe D8-branes embedded into a D4-brane background in type IIA string theory. We obtain the coupling constants by performing both analytic and numerical calculation, and compare them with the experimental data. It is found that the vector meson dominance in the pion form factor as well as in the Wess-Zumino-Witten term holds in an intriguing manner. We also study the ω → πγ and ω → 3π decay amplitudes. It is shown that the interactions relevant to these have the same structure as that proposed by Fujiwara et al.[26] Various relations among the masses and the coupling constants of an infinite tower of the mesons are derived, and play crucial roles in the analysis. We discuss that most of the results are compatible with experiments.
Introduction
In our previous paper [1] , we proposed a holographic dual of U(N c ) QCD with N f massless flavors, which is constructed by putting probe D8-branes in the D4-brane background. It was shown there that various phenomena that are expected to occur in low energy QCD can be reproduced in this framework. For instance, we showed that the chiral U(N f ) L ×U(N f ) R symmetry is spontaneously broken to the diagonal subgroup U(N f ) V . The associated Nambu-Goldstone (NG) bosons were found and identified with the pion. Moreover, we found vector mesons in the spectrum, and the masses and some of the coupling constants among them turned out to be reasonably close to the experimental values.
The purpose of this paper is to study the D4/D8 model in more detail to explore the lowenergy phenomena involving the mesons. The effective action of our model consists of two parts. One is the five-dimensional Yang-Mills (YM) action on a curved background, which originates from the non-abelian Dirac-Born-Infeld (DBI) action on the probe. The other is the integral of Chern-Simons (CS) five-form, which results from the CS term on the probe D8-brane. From these, we compute the cubic and some quartic interaction terms among the pion, the vector mesons and the external gauge field associated with the chiral U(N f ) L × U(N f ) R symmetry. The results are compared with the experimental data in order to make quantitative checks of the conjectured duality.
In particular, we are interested in the coupling to the external photon field. We will examine whether the vector meson dominance hypothesis [2, 3] is satisfied in this model. The vector meson dominance states that the exchange of vector mesons dominates the electromagnetic interactions of hadrons. For example, the electromagnetic form factor of the pion is dominated by the ρ meson pole as
where g ρ is the ρ meson decay constant, m ρ is the ρ meson mass and g ρππ is the ρ ππ coupling. In other words, the direct couplings between the photon and the pion is small compared with the indirect interactions obtained by the ρ meson exchange. It has been shown in [4, 5, 6, 7] that the pion form factor exhibits the vector meson dominance in generic holographic models of QCD, where the contributions from infinitely many vector mesons are vital. We will reexamine this feature in our model including numerical estimation of the dominant terms. Furthermore, we will analyze the Wess-Zumino-Witten (WZW) term that includes an infinite tower of the vector mesons and show complete vector meson dominance in this sector.
The subjects considered in this paper also include the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin (KSRF) relations [8, 9] , pion charge radius, a 1 → π γ and a 1 → πρ decay, ππ scattering, Weinberg sum rules [10] , ω → π 0 γ and ω → π 0 π + π − decay. For most of the cases, we reach considerably good agreement with the experimental data.
This paper is organized as follows. In section 2, we review the D4/D8 model to the extent needed in this paper. Note that the notation used in this paper is slightly different from that in [1] . We fix our notation in this section. In section 3, we investigate the DBI part of the model. Section 4 is devoted to analyzing the WZW term. In section 5, we reanalyze the effective action using a different gauge, which simplifies the discussion on the vector meson dominance. We end this paper with summary and discussions in section 6. The two appendices summarize some technical computations.
the model
In this section, we review the D4/D8 model proposed in [1] fixing the notation used in this paper.
The D4/D8 model is formulated by placing probe D8-branes into the D4-brane background proposed in [11] as a supergravity dual of four-dimensional U(N c ) Yang-Mills theory. The metric, dilaton φ and the RR three-form field C 3 in the D4-brane background are given as
Here the coordinates x µ (µ = 0, 1, 2, 3) and τ parameterize the directions along which the D4-brane is extended and U corresponds to the radial direction transverse to the D4-brane. From the definition of the function f (U), we see that U is bounded from below as U ≥ U KK . dΩ 2 4 , ǫ 4 and V 4 = 8π 2 /3 are the line element, the volume form and the volume of a unit S 4 surrounding the D4-brane, respectively. R and U KK are constant parameters. R is related to the string coupling g s and string length l s as R 3 = πg s N c l 3 s . This background represents N c D4-branes wrapped on a supersymmetry breaking S 1 parameterized by τ , whose period is chosen as
in order to avoid a conical singularity at U = U KK . Along this S 1 , fermions are taken to be anti-periodic and they become massive as four-dimensional fields. Adjoint scalar fields on the D4-brane are also expected to acquire a mass via quantum effects, since the supersymmetry is completely broken. Then, the world-volume theory on the D4-brane effectively becomes the four-dimensional Yang-Mills theory below the Kaluza-Klein mass scale M KK . The Yang-Mills coupling g YM (at the scale M KK ) is given as g 2 YM = 2πM KK g s l s , which is read off of the DBI action of the D4-brane compactified on the S 1 . The parameters R, U KK and g s are expressed in terms of M KK , g YM and l s . One can easily show that the l s does not appear in the effective action if it is written in terms of M KK and g YM . Therefore, we can set, without loss of generality,
which makes R and U KK independent of g YM and N c . Furthermore, since the M KK dependence is easily recovered by the dimensional analysis, it is convenient to work in units of M KK = 1. Then, we have the relations
The relations (2.3) and (2.4) make it clear that the α ′ expansion and the loop expansion in the string theory side correspond to the expansion with respect to 1/λ and λ 3/2 /N c in the Yang-Mills side, respectively. In this paper, we only consider the leading terms in this expansion by taking N c and λ to be large enough.
In order to add N f flavors of quarks to the supergravity dual of the Yang-Mills theory described by the background (2.1), we place N f probe D8-branes extended along x µ (µ = 0, 1, 2, 3), S 4 directions, and one of the directions in the (U, τ ) plane. Here we adopt the probe approximation assuming N c ≫ N f , and ignore the backreaction of the D8-branes to the D4-brane background. To describe them, it is convenient to introduce new coordinates (y, z) defined by
One can easily check that the metric written in (y, z) is smooth everywhere. We consider the probe D8-branes placed at y = 0 and extended along the z direction. As discussed in [1] , this brane configuration corresponds to a D4/D8/D8 system that represents U(N c ) QCD with N f massless flavors.
Note that this system has an SO(5) symmetry which acts as the rotation of the S 4 . In this article, we concentrate on the states which are invariant under the SO(5) rotation for simplicity. Since QCD does not have such SO(5) symmetry, the meson in realistic QCD can only be found in this sector. 1 Therefore, we can reduce the nine-dimensional gauge theory on the D8-brane to a five-dimensional theory with a five-dimensional
The effective action on the probe D8-brane embedded in the background (2.1) consists of two parts. One is the (non-Abelian) DBI action and the other is the CS term. After the Kaluza-Klein reduction on the S 4 , the leading terms in the 1/λ expansion of the DBI action reads
where
The CS term is
where ω 5 (A) is the Chern-Simons five-form written in terms of the five-dimensional differential form A = A µ dx µ + A z dz as
and M 4 × R is the five dimensional space-time parameterized by (x µ , z).
In order to extract four dimensional meson fields out of the five dimensional gauge field, we expand the gauge field as 11) using the complete sets {ψ n (z)} n≥1 and {φ n (z)} n≥0 of functions of z. In order to diagonalize the kinetic terms and the mass terms of the four-dimensional fields B (n)
µ (x µ ) and ϕ (n) (x µ ), we choose the functions ψ n (z) to be the eigen functions satisfying the eigen equation 12) where λ n is the eigenvalue, and the normalization condition is taken to be
The functions φ n (z) are chosen to satisfy φ n (z) ∝ ∂ z ψ n (z) (n ≥ 1) and φ 0 (z) = 1/( √ πκK(z))
with the normalization condition given by 14) which is compatible with (2.12) and (2.13).
Inserting the expansion (2.10) and (2.11) into the action (2.6) and integrating along the z direction, we obtain
From this we see that we have one massless scalar field ϕ (0) and a tower of massive vector fields
of mass squared λ n . The scalar fields ϕ (n) with n ≥ 1 are eaten by the vector fields B (n)
µ . We interpret ϕ (0) as the massless pion field and B (n) µ as vector meson fields.
In the expansion (2.10) and (2.11), we have implicitly assumed that the gauge field asymptotically vanishes A M (x µ , z) → 0 as z → ±∞. The residual gauge transformation that does not break this condition is obtained by a gauge function g(x µ , z) that asymptotically becomes constant g(x µ , z) → g ± at z ± ∞. We interpret (g + , g − ) as an element of the chiral symmetry
In the following sections, we study the interaction of the mesons with the external gauge fields (A Lµ , A Rµ ) introduced by weakly gauging the U(N f ) L × U(N f ) R chiral symmetry. Of particular interest are the couplings of the mesons to the photon field A em µ , which can be extracted by setting 16) where e is the electromagnetic coupling constant and Q is the electric charge matrix given, for example, by 17) for the N f = 3 case. It is also crucial to introduce the external gauge fields in the calculation of correlation functions among the currents associated with the chiral symmetry following the prescription used in the AdS/CFT correspondence [14, 15] . In order to turn on the external gauge fields, we impose the asymptotic values of the gauge field A µ on the D8-brane as
This is implemented by modifying the mode expansion (2.10) as 19) where ψ ± (z) are defined as 20) which are the non-normalizable zero modes of (2.12) satisfying
Note that if we insert the expansion (2.19) into the action (2.6) and perform the integration over z, the coefficients of the kinetic terms of the gauge fields A Lµ and A Rµ diverge, because ψ ± are non-normalizable. This divergence simply reflects the fact that the gauge coupling corresponding to the chiral U(N f ) L × U(N f ) R symmetry is zero. One way to regularize the divergence is to cut off the integration along z at some large but finite values. Or, we could just ignore the divergent kinetic terms of the external gauge field, since we are only interested in the structure of the interactions.
In this paper, we mainly work in the A z = 0 gauge, which can be achieved by applying the gauge transformation A M → gA M g −1 + g∂ M g −1 with the gauge function
Then, the asymptotic values (2.18) change to
where ξ ± (x µ ) ≡ lim z→±∞ g(x µ , z) and
Then, the gauge field in the A z = 0 gauge can be expanded as
The residual gauge symmetry in the A z = 0 gauge is given by the z-independent gauge transformation. The residual gauge symmetry h(x µ ) ∈ U(N f ) and the weakly gauged chiral
Here ξ ± (x µ ) are interpreted as the U(N f ) valued fields ξ L,R (x µ ) which carry the pion degrees of freedom in the hidden local symmetry approach [16, 17] . Actually the transformation property (2.28) is the same as that for ξ L,R (x µ ) if we interpret h(x µ ) ∈ U(N f ) as the hidden local symmetry.
They are related to the U(N f ) valued pion field U(x µ ) in the chiral Lagrangian by
The pion field Π(x µ ) is identical to ϕ (0) (x µ ) in (2.11) up to linear order.
3
Choosing h(x µ ) in (2.28), we can take a gauge such that
In this gauge, the gauge potential in (2.25) can be expanded up to quadratic order in fields as
Note that ψ n (z) are even and odd functions of z for n odd and even, respectively. This implies that v n and a n are vector and axial-vector mesons, respectively. As discussed in [1] , the lightest In the A z = 0 gauge, the CS term (2.8) becomes
where g is the gauge function given in (2.21) and α 4 reads
The four-dimensional effective action of the mesons written in terms of ξ ± (or U) and B 
where the pion decay constant f π and the dimensionless parameter e S are given by
Also the CS term (2.34) precisely gives the WZW term in QCD including the pion field as well as the external gauge fields, when we omit the vector meson fields B (n) µ :
Here "p.c." represents the terms obtained by exchanging
In this paper, we analyze the couplings among the pions and vector mesons including the external gauge fields in more detail. In particular, we examine whether the vector meson dominance hypothesis is satisfied both in DBI part and the WZW term. We start by analyzing the DBI part in section 3 and move to the WZW term in section 4.
DBI part 3.1 The effective action
In this subsection, we analyze the effective action obtained by inserting the mode expansion (2.32) into the action (2.6). The effective action written in terms of v n µ , a n µ , ξ ± including the external gauge fields (A Lµ , A Rµ ) is given in appendix A. Here we consider some of the couplings read off of the action.
It is useful to write the action as follows:
where L j contains the terms of order j in the fields Π, v n µ , a n µ , V µ , A µ . L div contains the divergent terms which result from the non-normalizable modes V µ , A µ . The explicit form is given in (A.16).
For the quadratic terms, one finds that
and we have used the fact that the pion decay constant f π is given by (2.37). Here and in the following, the symbol " ∞ n=1 " is often omitted for notational simplicity. In order to diagonalize the kinetic term, we define
Here corrections to the kinetic terms of V µ and A µ in L div are omitted.
We classify the cubic terms L 3 by the order of the pion field Π(x µ ) as
Note that L 3 | π 3 is absent because of the parity symmetry.
Let us first examine L 3 | π 2 , which is relevant to electromagnetic form factor of the pion:
Note here that the coefficient of the first term in (3.10) is zero. Actually, using the completeness relation
we can verify that
Therefore, (3.10) becomes
In order to compare the effective action with that written in the literature, e.g. [17] , we rewrite the Lagrangian using 16) and get rid of the term of the form tr (
Then, we obtain
Here it is of great importance to note the relation
which follows straightforwardly from the completeness condition (3.13) and (2.12). This shows that the ππV coupling in (3.17) vanishes. As we will see in section 3.5, this fact is crucial in the discussion of the vector meson dominance in the electromagnetic form factor of the pion. Similarly, we can also show the following relations:
Using (3.18) and (3.19), the Lagrangian (3.17) can be rewritten as
a n tr a n µ 2 − 2g a n tr a
Here, we can verify that g v n and g a n equal the decay constant of the vector meson v n and the axial-vector meson a n respectively, by showing that 
Note that the decay constants can be recast as
where we have used (2.12) . This shows that the decay constants g v n and g a n are fixed uniquely by the asymptotic behavior of the mode functions ψ 2n−1 and ψ 2n , respectively. See also [4] for analogous formulas.
The terms linear in Π are
up to total derivative terms. Here we have defined
Using the sum rule (3.14) and
which also follow from the completeness condition (3.13), the Lagrangian (3.25) can be rewritten as
Finally, we consider the rest part of L 3 which contains no pion field Π(
If we rewrite this by v n µ and a n µ defined in (3.5) and (3.6), we obtain
Here corrections to the cubic term in L div is omitted. From (3.32), we see that the direct cubic couplings of the vector meson v n µ and a n µ to the external gauge field V µ and A µ disappear. For L 4 , we focus only on the quartic terms in the pion field. As explained in section 2, the low energy effective action of the pion is given as the Skyrme model (2.36). It follows from (2.36) that
Note that (3.33) exactly cancels the O(Π 4 ) terms (the last two terms) in (3.20).
Numerical results
Here, we summarize the numerical values of the coupling constants to provide a rough estimate of the physical quantities. Listed below is the numerical estimate of some of the masses and the coupling constants defined in (3.3) and (3.21) in the M KK = 1 unit. These are obtained by solving the eigenequation (2.12) numerically using the shooting method as in [1] .
The coupling constants (2.37), (2.38) and (3.11) are easily calculated as
It is, however, important to keep in mind that we should not be too serious about these numerical values, because the approximation made in our analysis is very crude. As discussed in [1] , the present model deviates from the realistic QCD above the energy scale of M KK , which is the same energy scale as the mass scale of the vector mesons. Furthermore, all the quarks are assumed to be massless, and the supergravity description and the probe approximation can be justified only when N c ≫ N f and λ ≫ 1. In the following subsections, we will compare the numerical values of the coupling constants obtained in our model with the experimental values in order to guess whether we are on the right track or not. It would be interesting to improve the approximation to get more accurate predictions.
The Skyrme term
The second term in (2.36), which is called the Skyrme term, can be written as 1 32e
for N f = 3, where
and
(3.38)
For the case of N f = 2, we have the additional relation P 3 =
Our result (3.38) is consistent with the experiment roughly when κ ≃ (7 ∼ 9) × 10 
KSRF relations
Here we examine the KSRF relations [8, 9] : The corresponding values in our model can be estimated by using the numerical values listed in section 3.2. The result is
Note that these values are independent of the parameters in the model. If we use the values of M KK and κ in (3.40), we obtain
Remarkably, it is found that the relations (3.45) are equivalent to picking up the dominant contribution in the following sum rules:
The relation (3.47) is equivalent to the first relation in (3.19) , and (3.48) follows from (3.18). These sum rules (3.47) and (3.48) are first found in [7] and [4] , respectively, and shown to be satisfied in general five-dimensional models. As a check, using the numerical results for n = 1, 2, 3, 4 given in (3.34), the left hand side of (3.47) and (3.48) are evaluated as 
Electromagnetic form factors
Let us consider the pion form factor F π (p 2 ) defined by
where f abc is the structure constant of U(N f ).
Combining the v n V and v n ππ vertices in (3.20) as well as the v n propagators as depicted in Figure 1 , we obtain
Crucial in this computation is the relation (3.18), which ensures that the direct Vππ coupling in (3.17) vanishes. As a consistency of (3.52), we note that We thus see that our model possesses vector meson dominance for the pion form factor (3.52), because the form factor is saturated purely by the exchange of the vector mesons. This fact was first pointed out in [4] , in which (3.52) is derived by taking a continuum limit in the discretized version of the five-dimensional model. General analysis of the vector meson dominance in various holographic models are also given in [5, 6, 7] . As we have seen in section 3.4, the sum (3.48) is dominated by the ρ meson. Hence our model shows the approximate ρ meson dominance in the form factor F π (k 2 ). Manifestation of vector meson dominance in the WZW term will be examined in the next section and more general consideration will be given in section 5.
By expanding the form factor in k 2 as
we can extract the charge radius of the pion as
Using the sum rule (3.14), we can show
and hence It is also interesting to note the sum rules
that are the analogs of (3.53) for (axial-)vector mesons. If the sum in both (3.53) and (3.60) (for k = l) is dominated by the contribution of the ρ meson (n = 1), we obtain the approximate relation
which leads us to the universality of the ρ meson couplings
as discussed in [6] .
In order to see to what extent the relation (3.62) is valid, we list some numerical results of g ρv n v n and g ρa n a n : n κ 1/2 g ρv n v n κ 1/2 g ρa n a n As argued in [1] , g ρππ and g ρρρ are nearly close to each other. However, these two values are not in good agreement with those of g ρv n v n (n ≥ 2) and g ρv n v n (n ≥ 1), among which the universality holds to a good approximation. The contributions from the first five terms in the summations in (3.60) for k = l = 1, 2 are estimated as 
where the sum rule (3.27) is used. Therefore, the two diagrams sum up to zero. This fact can be seen more easily from the Lagrangian (3.2) and (3.25).
Vanishing of the a 1 → πγ decay amplitude has been observed in the HLS model [21, 17] and closely related five-dimensional models [4, 7] . From the phenomenological point of view, this is not in serious conflict with experiments. The experimental value of the partial width of the a 1 → πγ decay mode is about 640 KeV, while the total width of a 1 is 250∼600 MeV [20] . Hence it seems plausible that the a 1 → πγ decay process is due to 1/N c subleading terms or higher derivative terms as proposed in [21, 17] .
Let us next consider the decay mode a 1 → πρ, or more generally a m → πv n . The decay amplitude can be read from the second line of (3.29). Using the equations of motion 
Then the decay width is given by [21] 
ππ scattering
It is known that in the chiral limit, the low energy behavior of the ππ scattering amplitude is governed only by the π 4 vertex in the lowest derivative term of the chiral Lagrangian (2.36).
However, since the π 4 interaction in (3.33) is canceled by that in (3.20) , one might think that the low energy theorem is somehow violated in our model. This is of course not true. Here we argue that taking account of the vector meson exchange diagrams yields precisely the ππ scattering amplitude that is consistent with the low energy theorem.
The relevant vertices for this consist of (1) the π 4 couplings in (3.33), (2) the direct π Using the sum rule (3.47), we end up with the same term as the first term in (3.33) and we conclude that the contribution from (3) is the same as that from (1) . In other words, the contributions from (2) and (3) 
Weinberg sum rules
Before closing this section, let us make a few comments on the Weinberg sum rules, that turn out to be problematic in our model. In our notation, the Weinberg sum rules [10] state
It was shown in [4] that both (3.79) and (3.80) are satisfied in the discretized version of the five-dimensional model. Phenomenologically, it is often assumed that the sum rules are almost saturated by the contributions from ρ and a 1 mesons:
In our case, however, the infinite sum in (3.79) and (3.80) do not converge, as one can guess from the behavior of the numerical data (3.34). Even if the divergence may be cured by regularizing the infinite sum appropriately, as in [4] , the sums (3.79) and (3.80) are not dominated by ρ and a 1 . 4 In fact, the ratios of the left hand sides to the right hand sides of the relations (3.81) are estimated in our model as
Both of them are far from 1.
Note that the experimental value of g a 1 estimated by τ decay [24] is g a 1 | exp ≃ 0.177 ± 0.014 GeV 2 and the lattice measurement [25] gives g a 1 | lat ≃ 0.21 ± 0.02 GeV 2 . Both of these values suggest that g a 1 is larger than g ρ | exp ≃ 0.12 GeV 2 , though they are still not close enough to our numerical result g a 1 /g ρ ≃ 2.38. It would be interesting to calculate the corrections in our model to see if the discrepancy is reconciled.
WZW term
In this section, we study the WZW term (2.34) to obtain some interaction terms that involve vector mesons. Here we again work in the A z = 0 gauge and write the five dimensional gauge field in the differential one form
It is useful to first denote the one-form gauge field in (2.25) or (2.32) as
Inserting (4.1) into the Chern-Simons 5-form ω 5 (A) in (2.34), we obtain
(See appendix B for details.) Here [ · · · ] non−zero denotes contribution from the non-zero modes that contain the terms with at least one vector meson. It was shown in [1] that the first line in (4.5) together with the other terms in (2.34) gives the well-known expression of the WZW term (2.39) that depends only on the pion field U and the external gauge fields A L,R . The terms in the second line of (4.5) are the new terms that include the interaction with the vector mesons.
As a result, we obtain
In the earlier works on incorporation of vector mesons into the WZW term, there were several adjustable parameters that cannot be fixed by the symmetry in QCD. [26] (see also [17, 22] ) On the other hand, the couplings including infinitely many vector mesons in (4.6) are completely fixed and there is no adjustable parameter. It is therefore very interesting to see whether the WZW term of the form (4.6) is consistent with the experimental data. In the following subsections, we examine the phenomenology concerned with πvv, πvV, πVV, vπ 3 , Vπ 3 vertices.
πvv, πvV, πVV vertices
πvv and πvV couplings only appear in the first term of the second line of (4.5).
We set A = 0 for simplicity. From the expansion (2.32), we have
Inserting these into (4.5), we obtain
Using v n defined in (3.5), and the sum rules
(4.9) can be written as
It is easy to check that the contributions to the π 0 → γγ decay amplitude from the two terms in (4.13) cancel each other. This is obvious from the fact that there is no πVV vertex in (4.9) which is written in terms of v n and V.
The πVV vertex comes from Z given in (2.40):
Putting (4.13) and (4.14) together and furthermore rewriting them in terms of v n in (3.5) or v n in (3.16), we obtain
and we have used the sum rule
We thus conclude that there exist no direct three-point couplings including the external photon field, showing the vector meson dominance in this sector.
vπ
From (4.18) and (4.19), we obtain
Rewriting it in terms of v n in (3.5), and using the sum rules
The Vπ 3 vertex can be read off of Z in (2.40):
Collecting (4.22) and (4.23), we obtain This again shows the vector meson dominance. Moreover, if we write the action with v n , the v n π 3 coupling in (4.24) cancels that in (4.15) and we finally obtain
From the coupling (4.25), we can calculate the ω → π 0 γ and ω → π 0 π + π − decay amplitudes.
Here ω is the iso-singlet component of the lightest vector meson v 1 . Because of the complete vector meson dominance and the absence of the direct v n π 3 coupling, the former is given by the vertex ω → v n ρ followed by v n → γ transition and the latter is given by ω → π v n followed by v n → 2π. (Figure 4 ) These diagrams are identical to those in Gell-Mann, Sharp and Wagner (GSW) model [27] , which is known to be in good agreement with the experimental data. Let us examine how it works in our model.
The calculation of the ω → π 0 γ decay amplitude is analogous to that given in [26, 22] and we obtain
where α = e 2 /4π and we have used the sum rule (4.12). Here, c v 1 plays the role of the parameter g in [26] and it was shown there that the decay width agrees with the experimental value when g ≃ g ρππ . 5 Remarkably, this is exactly what we have in our model. In fact, one can easily show in general, 27) using (2.12) and integrating by parts in the expression of g v n ππ defined by (3.21) and (3.12). 5 The recent experiment value [20] is Γ(ω → π 0 γ) exp ≃ 0.757 MeV, which implies c ω | exp ≃ 5.80.
Similarly, the ω → π 0 π + π − decay width is [26, 22] 28) where E ± are the energies and q ± are momenta of π ± in the rest frame of ω and
where q 0 and q ± are the four momenta of the π 0 and π ± , respectively. The numerical analysis suggests that the term with n = 1 dominates the sum. If we truncate the sum with this term, the expression of the decay width in (4.28) is the same as that in [22] with the parameters g, c i (i = 1, 2, 3) chosen as
and c 1 − c 2 = 1, c 3 = 1. It was shown in [26, 22] that the decay width is consistent with the experiment again with g ≃ g ρππ . Note that the right hand side of the relation (4.30) is the main contribution in the left hand side of (4.17). If we approximate (4.30) with (4.17), the relation (4.30) is replaced with
where we have used (4.27) . We can see numerically that d v 1 is much smaller than c v 1 as listed in (4.32) , that implies g ≃ g ρππ as desired.
Here we list our numerical estimation: As a check, the numerical value of (4.30) is g ≃ 0.319 κ −1/2 while that of (4.31) is g ≃ 0.328 κ −1/2 .
The above approximation fairly works, though it is not extremely close to g v 1 ππ ≃ 0.415
If we use the value of κ in (3.40), the parameter g in (4.30) is estimated as g ≃ 3.69, which is about 64% of the experimental value of g ρππ .
To see how much the result is affected by including the contributions from n ≥ 1 in (4.29), let us estimate the decay width by performing the integration in (4.28). By using (3.40) and the experimental values N c = 3, m π ± ≃ 140 MeV, m π 0 ≃ 135 MeV, we obtain Here Γ k (ω → 3π) denotes the decay width with the exchange of the v n (1 ≤ n ≤ k) vector mesons incorporated in (4.29). Therefore, the contribution of the ρ meson exchange dominates the sum. Unfortunately, this value is too small compared to the experimental value Γ(ω → π
.56 MeV. [20] This is mainly due to the smallness of the coupling g estimated above.
Vector meson dominance revisited
In the previous sections, we have shown that the vector meson dominance is fulfilled in our model by examining the couplings with the external gauge fields one by one. Here we present a more systematic way to understand why it works.
In this subsection, we work with the expansion (2.19) and (2.11). We can gauge away ϕ (n) in (2.11) without changing the asymptotic condition (2.18). Then, the expansion is written as
where Π denotes the pion field ϕ (0) in (2.11). Note that v n µ , a n µ and Π in these expansions are not exactly equal to those appeared in section 3 and section 4, but they are related by some field redefinition. If we rewrite the expansion (5.1) by using v n µ and a n µ in (3.5) and (3.6), we have
Note that it can be shown using (2.13) and (3.4) that
for all m. Or, equivalently,
for an arbitrary normalizable function f (z). From this fact we can immediately see that if we write the action in terms of v n µ and a n µ defined in (3.5) and (3.6), many of the couplings that include V µ or A µ vanish. In fact, following the procedure given in appendix A, we obtain
See (A.24) for the definition of the four-point coupling constants. This shows that all the couplings between the external gauge fields (A L , A R ) and the vector meson fields ( v n , a n ) vanish in the first term of the effective action (2.6). Here we have used the relations
which can be shown by using (5.6), and we have set
This is divergent (or ill-defined), since ψ v is a function that approaches 1 at z → ±∞.
It is important to note that we cannot conclude ψ v = ψ a = 0 from the relation (5.6). Actually, using (2.12) and (2.13), one can show
Then, the second term in the effective action (2.6) is calculated as
where c a n a m ≡ 1
Here we have used the relation (4.27) as well as the fact that g a m v n π defined in (3.73) is equal to 14) which can be shown by using (2.12). The mesons couple to the external gauge fields only through the v → V and a → A transitions in (5.12).
The expression of the WZW term is also simplified by using the expansion (5.3) and (5.2). It is easy to see that all the terms including V µ and A µ vanish because of the relation (5.6), showing the complete vector meson dominance in the WZW term. Moreover, since the pion field Π only appears in (5.2), the terms with two or more pion fields are absent, as we have partly observed in section 4.2. Inserting (5.3) and (5.2) into (2.8), we obtain
where B 2n−1 ≡ v n , B 2n ≡ a n and
Summary and Discussions
In this paper, we computed the effective action including the pion, the vector mesons and the external gauge fields associated with the chiral U(N f ) L ×U(N f ) R symmetry, based on the D4/D8 model proposed in [1] , that is conjectured to be a holographic dual of large N c QCD with N f massless flavors. We estimated various coupling constants numerically and compared them with the experimental values. The agreement was of course not perfect, but we think it was good enough to believe that our model nicely captures the expected features of QCD even quantitatively.
One of the major issues addressed in the paper is the vector meson dominance. An intuitive explanation for the vector meson dominance in our model is as follows. (See also [7] .) As seen in section 5, the external gauge fields in (5.3) have support only at the boundary z → ±∞, while the pion and the vector mesons correspond to the normalizable modes which vanish at z → ±∞. Therefore the external gauge fields cannot couple to the mesons unless the blowing up factor K in the second term of (2.6) picks up the contribution at z → ±∞. For the second term of (2.6), we know that v n µ are the mass eigen modes and hence v n µ mix with V µ . We found various useful sum rules among the masses and the coupling constants of an infinite tower of the vector mesons, that followed from the completeness condition of the mode functions (3.13). As far as we checked, the contribution from ρ meson is always the most dominant term in the sum rules. Approximating the infinite sums with the contribution from the ρ meson, we obtained the KSRF-type relations in section 3.4, and furthermore, the approximate ρ meson dominance and ρ meson coupling universality, as explained in section 3.5.
In order to make more reliable predictions, one has to take into account the string loop corrections and the α ′ corrections as well as to go beyond the probe approximation. It would be quite interesting to see how our results of the KSRF relations, the Weinberg sum rules, the a 1 meson decay amplitudes, etc., are improved by incorporating such corrections. (See the forthcoming paper [28] for a discussion along this line.)
In the ξ −1 + = ξ − = e iΠ/fπ gauge, we can expand them as
Then the field strengths are 5) and
([ A µ , a denote the part that is even and odd under z → −z, respectively, and we have defined
(A.9)
Useful relations are where we have used the relation (2.37). The first term in (2.6) is more complicated. We classify it by the order of the vector meson fields (v n µ , a Here e −2 is divergent and we should cut off the z integral to make it finite. Hence the divergent part L div is simply the kinetic terms of A Lµ and A Rµ :
The terms linear in v n µ or a Here we outline the derivation of (4.5). Since we are working in the A z = 0 gauge, we have 
